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ON THE FINITENESS OF ATTRACTORS FOR PIECEWISE C 2 MAPS 

OF THE INTERVAL 

P. BRANDAO, J. PALIS, AND V. PINHEIRO 


Abstract. We consider piecewise C 2 non-flat maps of the interval and show that, for 
Lebesgue almost every point, its omega-limit set is either a periodic orbit, a cycle of 
intervals or the closure of the orbits of a subset of the critical points. In particular, every 
piecewise C 2 non-flat map of the interval displays only a finite number of non-periodic 
attractors. 
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1. Introduction 

When studying dynamical systems, we often focus on attractors since many orbits con¬ 
verge to them in the future. Thus, it is of particular importance to obtain results on their 
finiteness and, as conjectured in mm, that should be the case for a dense subset of 
differentiable dynamics on compact manifolds. 

For maps of the interval, the finiteness of the number of attractors began to be established 
by Blokh and Lyubich in 00- They proved that a C 3 non-flat map with a single critical 
point and negative Schwarzian derivative has a single attractor, whose basin of attraction 
contains Lebesgue almost every point of the interval. 

Later on, van Strien and Vargas ra proved that every C 3 non-flat map / with a finite 
number of critical points has a finite number of non-periodic attractors. More recently, 
we have obtained in j3j the finiteness of attractors for maps of the interval displaying 
discontinuities. For that, we have assumed the maps to be piecewise C 3 with negative 
Schwarzian derivative. 

In the present paper we go further, proving that the finiteness of non-periodic attractors 
is also valid for non-flat piecewise C 2 maps. 
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Maps with discontinuities naturally arise from differentiable vector fields: non-flat piece- 
wise C r maps, r > 2, can be obtained as the quotient by stable manifolds of Poincare maps 
of C r dissipative flows [6]. 

As a by-product of the techniques presented here, we also provide a new proof of Mane’s 
notable theorem concerning expanding sets of the interval |7J. 


f.f. Statement of the main results. A compact set A is called an attractor for a map 
/ if its basin of attraction /3f(A ) := {x ; u>f(x) C A} has positive Lebesgue measure and 
there is no strictly smaller closed set A' C A so that fif(A') is the same as Iff (A) up to a 
zero measure set. Here, c Of(x) is the positive limit set of x, that is, the set of accumulating 
points of the forward orbit of x. 

A map / : [0,1] —» [R is called non-flat at the point c G [0,1] if there exist £ > 0, constants 
a, f3 > 1 and C 2 diffeomorphisms fia \[c — e, c] — > lm(0 o ) and 0i : [c, c + e] -A- lm(0i) such 


that 


f( x ) 


a + (<po(x — c)) a if x G (c — e, c ) Pi (0,1) 
b + (0i (x — c)Y if x G (c, c + e) Pi (0,1) 


where a = lim 0 < £ ^o f(c - s) and b = lim 0 < £ ^ 0 f(c + e). 


Definition 1. Let Cf C (0,1) be a finite set. A map f : [0,1] \ Cf —> IR is called non-flat 
if it is non-flat at every point x G [0,1]. In particular, if f is a diffeomorphism on a 
neighborhood of a point p, then it is non-flat at p. 

In this work we are dealing with non-flat piecewise C 2 maps of the interval into itself. 
More precisely, non-flat maps / : [0,1] -A [0,1] that are C 2 local diffeomorphisms, except 
for a finite set of non-flat points Cf C (0,1). This exceptional set contains all critical points 
of /, as well as all discontinuities. 

Due to the existence of an exceptional set, we can have lateral periodic points that are 
not periodic. Indeed, a point p G [0,1] is called right-periodic with period n for / if n 
is the smallest integer I > 1 such that if f e (x) \ p when x \ p. Similarly, p is called 
left-periodic with period n if n is the smallest integer I > 1 such that f e {x) /* p when 
x p. We say that a point p is periodic-like if it is left or right-periodic. In particular, 
a fixed-like point is periodic-like with period equal to one. On the left picture of Figure [lj 
we have that A = {c} is an attracting fixed-like point with fif(A) = (0,1). 

Theorem A (Finiteness of the number of non-periodic attractors). Let f : [0,1] -A [0,1], be 
a non-flat C 2 local diffeomorphism in the whole interval, except for a finite set Cf C (0,1). 
Then, f admits only a finite number of non periodic-like attractors. Indeed, there is a finite 
collection of attractors Ai, ■ ■ ■ , A n , such that 

Leb {fiffAfi U • • • U fl f {A n ) U B 0 (/) U Oj(Per(f))) = 1, 

where B 0 (/) is the union of the basin of attraction of all attracting periodic-like orbits. 
Furthermore, u>f(x) = Aj for almost every x G fif(Aj) and every j = 1, ...,n. 

Notice that only in degenerate cases Leb((9j(Per(/)) > 0 (as in the picture on the right 
side of Figure [lj). Indeed, Oj (Pev(f)) is generically a countable set, so generically we can 
write the equation above as 

Leb (0/(Ai) U • • • U fl f (A n ) U B 0 (/)) = 1. 
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FIGURE 1. On the right side, we see an example of an attracting periodic-like 
orbit (indeed, a fixed-like point) which is not an attracting periodic orbit. On the 
left side I is an interval of fixed points. 

The theorem above combined with the fact that for every C 2 non-flat map of the interval 
there exists n 0 > 1 such that every periodic orbit of period greater or equal to n 0 is a 
hyperbolic repeller [8], yields the following result: 

Theorem B. Let f be a C 2 non-flat map such that ff(Fixf n ) < Too for every n > 0, 
then f has only a finite number of attractors. 

To state the next result, we define a cycle of intervals as a transitive finite union of 
non-trivial closed intervals. This is a common type of attractor for one-dimensional maps. 
Indeed, the support of any ergodic absolutely continuous invariant measure is always a 
cycle of intervals. 

Theorem C. Let f : [0, 1] —>■ [0, 1] be a non-flat C 2 local diffeomorphism in the whole 
interval, except for a finite set Cf C (0,1), and let V/ = {/(c±); c G Cf}. If Aj is one of 
the attractors given by Theorem [T] then Aj is either a cycle of intervals or a Cantor set of 
the form Aj = tlJ /( t; ) f or some Yj C V/\ Oj(Cf) with v G Wf(v) Vv G Vj. 

To prove the theorems above, we need to relate most of the orbits with the critical set. 
More precisely, orbits that are not attracted to periodic points nor to cycles of intervals 
accumulate on the critical points. Furthermore, we also need to assure some expansion for 
orbits avoiding critical points. We obtain such informations from Theorem [D] 

Theorem D. Let f : [0,1] —> [0,1] be a non-flat C 2 local diffeomorphism in the whole 
interval, except for a finite set Cf C (0,1). If x G [0,1] \ (B 0 (/) U Oj(Per(f))) and 

Ot(x)nCf = 0 then sup„ \Df n (x)\ = oo. Furthermore, ojt(x)C\Cf A 0 for Lebesque almost 
every x G [0,1] \ (B 0 (/) U C?7(Per(/))). 

For one-dimensional dynamics, Mane exhibited in (7J a surprisingly simple sufficient con¬ 
dition for orbits to have an expanding behavior: orbits that do not accumulate on periodic 
attractors, weak repellers nor the critical region, are expanding. Here, as a corollary of 
Theorem [Dj we provide new proof of Mane’s result. 

Corollary E (Mane). Let f : [a, b] —» [R be a C 2 map. IfU is an open neighborhood of the 
critical points of f and every periodic point of [a, b]\U is hyperbolic and expanding then 
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A = {x ; Ot(x) DU = 0} is a uniformly expanding set. Furthermore, 3(7 > 0 and A > 1 
such that, for any n > 0, 

\Df n {x)\ > C\ n 

for every x such that {x, • • • , / n-1 (a;)} fl U — 0. 

2. Setting and preliminary facts 

Given a set U C [0,1], the pre-orbit of U is Oj(U) := Uj>o f~KU)- If x Oj(Cf), the 
forward orbit of x is 0~f(x) = {P(x) ; j > 0} and the cc-limit set of x , denoted by cvf(x), 
is the set of accumulating points of the sequence {f n (x)} n . That is, 

ojf{x) — {y G [0,1] ; y — lim f nj (x) for some rij —> oo}. 

j-S-oo 

If x G Oj(Cf) then Oj(x) = {x, • ■ ■ ,f n (x)} where n = min{j > 0; x G f~i(Cf)}. A 
point p G [0,1] is called wandering if there is a neighborhood V of it such that Of(V) DV = 
0, where Of (V) = {J iev Of ( x). If this is not the case, the point p is called non-wandering. 
The non-wandering set of /, f2(/), is the set of all non-wandering points x G [0,1]. One 
can easily prove that f2(/) is compact and that c Of(x) C f2(/) Wx. As usual, L + (f) denotes 
the closure of the union of all omega-limit sets, that is, L + (f) = [J X ujf(x). 

We denote the set of periodic points of / by Per(/), that is, 

Per(/) = {p G [0,1] \ Oj(Cf ); f n (p) = p for some n > 1}. 

As Leb (Oj(Cf)) — 0, if c G ojf{x) for a Lebesgue typical point x, with c G Cf, then 
Ojl(x) n(c-£,c + £) = Of (x) fl ((c — e, c H- e) \ {c}) Ve > 0 and so, lim 0<£ ^.o /(c + e) 
or lim 0 < £ ^.o/( c — e) belongs to cjf(x) but not necessarily /(c). That is, if c G ojf(x) the 
omega-limit set of such a typical point x does not involve the image of the exceptional set 
f(Cf ) = {/(c); c G Cf}, but their lateral exceptional values V/ = {lim^o /(c±e); c G Cf}. 
Because of that, we can consider / as a map from [0,1] \ Cf to [0,1], instead of a map of 
the interval to itself. As a consequence, we have: 

Remark. To prove the theorems above, we can consider f to be a C 2 non-flat local diffeo- 
morphism f : [0,1] \ (7/ —>- [0,1], where Cf C (0,1) is the exceptional set of f. 

A homterval is an open interval J = (a, b ) such that f n \j is a homeomorphism for every 
n > 1. A homterval J is called a wandering interval if JnB 0 (/) = 0 and / J (J) n/ fc (J) = 0 
for all 1 < / < k, where B 0 (/) is the union of the basins of attraction of all attracting 
periodic-like orbits of the map /. 

Lemma 2 (Homterval Lemma). Let U be an open subset of [0,1], f : U —>■ [0,1] a 
continuous map and I = (a.b) a homterval of f. If I is not a wandering interval then 
I C B 0 (/) U Of (Per(/)). 

Proposition 3 (Vargas - van Strien, [T3] ) . Let Cf C (0, 1) be a finite set. If f : [0, 1] \ 
C f -P [0,1] is a C 2 non-flat local diffeomorphism, then there exists a function 0(e) with 
O(e) —> 0 as e \ 0 with the following property: Let J C T be an interval, R, L the 
connected components of T \ J and 5 := min{|i?|/| J\, |L|/|J|}. Let n be an integer and 
To D Jo intervals such that f n \T 0 is a diffeomorphism, f n (Tf) = T and f n (Jf) = J. If 
e := max{|/- 7 (To)|; 0 < / < n}, then 
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I ATM I 

I Df n (y) I 


— e°^TJ= ol/ l ( J o)l ? for all x, y G J 0 ; 


(1) 

(2) 3(5' > 0 depending only on e and YJi=o |/*(Jo)| such that, for all x,y G Jo and 

1 < j <n, we have | | < e °^^ = ° ^ Jo ^/ 

( 3 ) |g/"(yj| - ex P \f n ( x ) ~ f n (v )I + °( £ ) EITo 1 I/* (t) - / J (y)l) for every x,y G Jo- 


Items [I] and [2] of Proposition [3] comes directly from Proposition 2 of [11], as we are 
assuming that / n |r 0 is a diffeomorphism. Given x, y G Jo, let Jq = {tx+(l — t)y ; t G [0,1]}, 
i?' and L' be the connected components of T \ f n ( Jq), and 


S' := min 


|A'| \ L '\ 

i/WLfWi 


1^1 


l/ n (^)l 


mm 


m inn 

PI’ PI J 


> 


PI , 

\nj')\' 


Applying ([Tj) to To, Jq, we get the item [3] by noting that 

^J) 2 < (1 + ™) 2 = (1 + hhh^CM ) 2 < (e /.(.» 


Lemma 4 (See [3] ). Let a < b G [R and V C ( 0 , 6 ) 6e an open set. Let V be the set of 
connected components of a Borel set V. Let G : V —»■ ( 0 , 6 ) 6 e a map satisfying: 

(1) G(P) = (a,b ) diffeomorphically, for any P G P; 

(2) 3 V 7 C n j>0 ^(G), w ith Leb(P') > 0, such that 

(a) lim n _ yoo \Vn{x)\ = 0, Vx G V, 

where V n (x) is the connected component of P|™ =0 G~^(V) that contains x; 

(b) 3K > 0 such that | | < K, for all n, and p,q G V n (x), and x G V' 

Then, Leb([a, b] \ V) = 0, u>g(x) = [a, b] for Lebesgue almost all x G [a, b\. 


3. Wandering intervals 

The main result in this section is Proposition [6j which assures that the cp- limit set of 
a wandering interval is always contained in the closure of the orbits of the critical values, 
(D~f(Vf). We also study here the existence of nice intervals outside Oj(Vf). An interval 
(a, b) is called nice, with respect to a local diffeomorphism f : [0,11 \ Cf —> [0,1], if 

(a,6)n(O+(/(a ± ))uO+(/(6 ± )))=0. 

Lemma 5. Let f : [0,1] \ Cf —> [0,1] a local diffeomorphism. If p G [0,1] \ Oj (V/), where 
Cf C [0,1], then one and only one of the following statements is true. 

(1) (a,p) is a wandering interval for some a < p. 

(2) p is a periodic-like attractor and /3(Oj(p)) D ( a,p ) for some a < p. 

(3) For every s > 0 there is a G (p — e,p) such that p ^ G^(a). 

Similarly, either (p, b ) is a wandering interval for some p < b or p is a periodic-like attractor 
and /3(0~j(p)) D (p, b ) for some p < b or else for every e > 0 there is b G (p,p + e) such 

that p (f Of' ( b ). 

Proof. Let r 0 = inf{r > 0 ; p G Ot(a), V a G (p — r,p)}. If r 0 = 0, then item (3) of the 
lemma is true. Thus, suppose that ro > 0 and let I = (p — ro,p). As p £ Ot(Vf) and 
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p G Wf(I), we have that I fl Oj(Cf) = 0. As a consequence, I is a homterval. Therefore, it 
follows from the homterval lemma that either item (1) is true or / C IBo(/) U Of (Per(/)). 
But, as p G u f (I), p must be an attracting periodic-like orbit containing I in its basin of 
attraction. □ 

Proposition 6. Let f : [0,1] \ Cf —>■ [0,1] be a C 2 non-flat local diffeomorphism, where 
C/C [0,1] is a finite set. If I is a wandering interval then ojf(I) C Of (V/). 

Proof. Let J be the maximal open wandering interval containing / and suppose that p G 
ojf(J) for some p G [0,1] \ Of(Vf). Let T be the connected component of [0,1] \ Of (V/) 

containing p. We may assume that p G Of (I) fl (0 ,p), the case p G Of (I) fl (p, 1) is 
analogue. 

We will consider two cases depending on p belonging or not to the boundary of a wan¬ 
dering interval. First consider the case in which p does not belong to a boundary of a 
wandering interval. 

In this case, as p G Of (I) fl (0,p), given any V0 < a < x, neither (a,x) is a wandering 
interval nor p is an attracting periodic orbit with fl{Of{p)) D ( a,p ). It follows from 
Lemma that there are sequences a n /* p and p < b n such that Of(a n ) fl (a n , b n ) = 0. If 
p (£ uj f (p) or if p G Per(/), set (a n , fl n ) = ( a n ,p ). 

Suppose that p is recurrent, p G cn/(p), but not a periodic point. As we are assuming 
that p does not belong to the boundary of a wandering interval, it follows from Lemma [5] 
that there exist sequences a' n < p <b' n such that b' n \p and Of (b' n ) fl (a/ n , b' n ) = 0. Thus, 
we set (a n , fl n ) = (a n , b n ) fl {a' n , b' n ), whenever p G u f (p). 

Notice that (a n , fl n ) is always a nice interval and |(o n , fl n )\ \ 0. 

Let no > 1 be such that 6 := min{|i?|/|C/|, |L|/|C/|} > 0, where R, L are the connected 
components of T \ (a no ,fl no ). For each n > no let U n = {x G T ; 0^(x) fl (a n , (3 n ) 0} 

and t n {x) = min {j > 0 ; f J (x) G (a n ,/3 n )}, whenever x G U n . Let F n : U n -> {a n , fl n ) be 
the first entry map of T in (a n ,/3 n ), i.e., F n (x) = f in ( x \x). 

As F n is a hrst entrance map, if V r is a connected component of U n , then f :1 (V) nf k (V) = 
0 V0 < j < k < £ n (V). In particular, Y^f=o"* l/ J (^)l — 1- 

Let T n be the maximal open interval containing J such that f fn(J ' 1 \ Tn is a homeomorphism 
and that f n{J) (T n ) C T. As T D Oj(V f ) = 0, we get that f n{J \T n ) = T. Let J n be the 
connected component of U n containing J. In particular, t n ( J n ) = £ n (J). As (a n , fl n ) is 
a nice interval, (F n )(J n ) = (a n ,/3 n ). For each n > no, let R n and L n be the connected 
components of f Rn{Jn] (T n )\F n (J n ) = T\(a n ,f3 n ). So, mm{\R n \/\F n (J n )\, \L n \/\F n (Jn )|} > 
5 > 0 . As £ := max{|/ J ’(T n )|; 0 < j < £ n (J n )} < 1, it follows from Proposition [ 3 ] that 
there exists 7 > 0 such that 

\DF n (x)\/\DF n (y)\ < 7 , (1) 

for every x,y G J n and n > n l} . 

Since lim n \(a n , fl n )\ = 0 , it follows that lim n £ n (J n ) = lim n £ n (J) = oo. Therefore, 
as J n D J n+ 1 D J Vn > n 0 and f k \j> is a diffeomorphism for all k > 1, where J' := 
Interior(p] n>no J n ). As a consequence, it follows from Lemma | 2 j the homterval lemma, 
that J' is a wandering interval. By the maximality of J, we have J' = J. In particular, 
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lim n Leb( J n \ J) = 0. Thus, it follows from the bounded distortion © that 


lim 

n 


ITWI 

| Pn) | 


lim 


\F n (Jn)\ 


1. 


( 2 ) 


Now, let U n = {x G ( a n ,ft n ) ; Oj(f(x)) n (a n ,ft n ) J 0} and T n : U n ->■ (a n , ft n ) be 
the first return map to (a n ,ft n ). Let r n (x) := min{j > 1 ; P(x) G (a n ,ft n )}, x G U n , 
be the first return time to (ot n ,ft n ). That is, T n (x) = f rn(x Hx). Let J n be the connected 
component of U n containing F n (.J) and let T n be the maximal open interval containing 
J n such that / r ™L7n)|^ j s monotone and f rn( ^ Jn \T n ) C T. Again, as (a n , ft n ) is a nice 
interval and (a n , ft n ) fl Re(Oj (V/)) = 0, for all n > no, we get that F n (T n ) = T and 
F n (J n ) Vi! ^ Ro- 

Because J- n is a first return map, P(J n ) fl f k (J n ) = 0 for all 0 < j < k < r n (J n ) and 
so , Y.'j=^ n) \ f j (Jn)\ < L As \ f j (T n )\ < 1, 0 < j < r n (J n ), it follows from Proposition [il 
that 

\DJ n (x)\/\DJ n (y)\ < 7, 

for every x,y G J, and n > n 0 . This non-linearity distortion control combined with (|2j) 
implies that, if n is big enough, 


n /4T(J) = jr n (F n (J)) n F n (J) J 0, 


which is impossible as J is a wandering interval. 

Now, we consider the second case, that is, suppose that p belongs to the boundary of a 
wandering interval. As we are assuming that p G Oj (/) fl (0 ,p), p has to be the point at 
the left of the boundary of the wandering interval. Thus, let W = (p, q ) be the maximal 
wandering interval such that p G dW. Notice that p G ojf ( W ). 

Claim. For every e > 0, there are a G (p — e,p) and b G (q, q + s) such that (a, b ) is a nice 
interval. 


Proof of the Claim. Let (a, b) be the maximal open interval containing J such that {p, q} fl 
ujf(x) J 0 for all x G (a, b). Following the argument in the proof of Lemma [5j we can 
conclude that (a, b) is a wandering interval. By the maximality of W, we get that (o, b) = 
W. Therefore, for every e > 0 there exists p — e < a < p and q < /? < q + s such that 
{p, q] fl Of'(a) U 0~f(/3) = 0. Thus, the connected component (a, b) of (p — e, q + e) \ 
Of (a) U Of (ft) containing (p, q) is a nice interval. □ 

For each n > 1, let (a n , ft n ) be a nice interval contained in (p-l/n,q+l/n). As before, 
let no > 1 be such that 8 := min{|i?|/|17|, |L|/|Z7|} > 0, where R, L are the connected 
components of T\ (a no ,ft no ). Let F n : U n —>■ ( a n ,b n ) be the first entry map in (a n ,ft n ), 
U n = {xeT; 0~f(x)n(a n , ft n ) 0}, £ n (x) be the first entry time, i.e., F n (x) = f e " n (x)(x), 
and let J n be the connected component of U n containing J. As before, see ([!]), we get that 

\DF n (x)\/\DF n (y)\ < 7 , Mx,y G J n , Vn> n 0 . 
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Because p| n (a n ,/3 n ) = ip. q), lim n £ n (J n ) = oo and, as before, we can conclude that 
lim n Leb( J n \ J) = 0. Again, from the non-linearity distortion control as above, it fol¬ 
lows that lim n = 1. As a consequence, 

f n (J n )(J)nW fl 0 (3) 

for every n big enough and this leads to a contradiction. Indeed, if f 1 " 1 (J n )( J) fl (p, q ) fl 0, 
then it follows from the maximality of W that f 1 " 1 (J n )( J) C W. So, as IB is a wandering 
interval, we get that f n (J ) fl W C f n (W ) DW — 0 Vn > £ ni , which contradicts (|3j). □ 

Corollary 7. If p G [0,1] \ Of (V/) is not an attracting periodic-like point, then for each 
5 > 0 there is a nice interval J = (a, fl) such that p — 8<a<p<fl<p + 8. 

Proof. If p £ L + (f ) = |J X u f (x), then let a 0 G (p-5,p)\Oj(p) and b 0 G (p,p + S)\Oj(p). 
Let Jo be the connected component of [0,1] \ Olf (ao) containing p and let J\ be the 

connected component of [0,1] \ Oj(bo) containing p. Setting J = Jq fl -A, we finish the 
proof for p L + (f). 

Now, suppose that p G L + (f). We may assume that p G Oj(q) fl [0,p), the case p G 

Oj(q) fl (p, 1] being analogous. As p G Oj(q) fl [0, p ), (a,p) cannot be a wandering interval 
for 0 < a < p. As p is not an attracting periodic point, it follows from Lemma [5] that, given 
any 8 > 0, 3 ao G (p — 5,p) such that p f 0~ji (cto). Let (ai, b\) be the connected component 

of [ 0 ,1] \ Oj(ao) containing p. As (oq, bi) is a nice interval and as p — 8 < ao < ai < p < bi, 
then if 6 i < p + 8, the proof is finished. So, let us assume that b\ > p + 8. 

If (p,p + r) is a wandering interval for some 0 < r < S, then it follows from Proposition [6] 
thatp f ujf((p,bi)), where b 2 = mm{p+r,p+8/2}. So, letting a 2 = sup(C?^((p, 6i))fl[0,p)), 
we have that ( 02 , 62 ) is a n i ce interval. Thus, taking J = ( 02 , 62 ) fl ( 01 , 61 ), the proof is 
finished. □ 


4. Induced Markov maps 

Lemma 8. Let f : [0,1]\C/ —>■ [0,1] be a C 2 non-flat local diffeomorphism, whereCf C [0, 1 ] 
is a finite set. If q G L + (f ) \ Olf (V/) is not an attracting periodic-like point, then given 
any e > 0 there is a nice interval J = (a, fl) with a < q < fl and such that 

(1) |-R|/|J| and |L|/|J| > 1, where R and L are the connected components of T \ J 
and T is the connected component of [0,1] \ Oj(Vf ) containing q. 

(2) | | < 1 + £ 2 for every x,y G I and every connected component I of J*, where 

F : J* —>• J is the first return map to J and J* = {x G J ; 0^(f(x)) fl J fl 0}. 

Proof. For each 0 < 8 < dist(g, <9T)/4, let J 5 = (as,fl) C (q — 8, q + 8), with oq < 
q < fls, being a nice interval given by Corollary [7[ So, if T is a connected component of 
[0,1] \ containing q, we get |i?|/| J$\ > 1 and \L\f\ Jf\ > 1, where R and L are the 

connected components of T\ J$. 

Let £5 : Us —» N be the first entry time to J 5 and G(x) = f f L x )(x) the first entry map to 
J 5 , where Us = {x ; Ot(x) fl .R fl 0}. Notice that Us fl 0, because p G L + (f). 
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Let Vg(S) be the collection of all connected components of U$, and \Pg{^)\ = max{|/|; / G 
Vg(S)}. As A is a nice interval and Ot (V)fl A = 0, we have that Gg\i is a homeomorphism 
between / and A- for every I G Pc(h). 

Claim. lim 5 ^o \Pg(5)\ = 0. 

Proof of the Claim. Note that if 0 < <5o < <5i, then each / 0 G Va(So) is contained in some 
A £ Vg(Si). Thus, if \Pg{$)\ A 0 then there exists a sequence S n \ 0 and I n G Vg(8u) 
such that A D / 2 D A D • • • and / := f] n I n is a nontrivial interval, i.e., |/| > 0. As 
J 5n | \ 0, it follows that A„(AJ —> oo. Furthermore, as A„(A,) -A oo and as i s a 

diffeomorphism for all n > 1, we get that f n \ j is a homeomorphism for every n G tNl. That 
is, I is a homterval. 

As q G w/(I), since f^nPA (/) c A„ -A g and as is not an attracting periodic point, 
it follows that I (jL B 0 (/) U (9j(Per(/)). Thus, from Lemma [2J we conclude that I is a 
wandering interval, contradicting Proposition [6} □ 

Let Fs : J| —>■ A be the hrst return map to A and rq : J| —» IM be the first return time, 
where Jf = {x G A; Oj(f( x )) H Jj ^ 0}. Let Vf{&) be the collection of all connected 
components of ,/|. Again, because G L + (f), Vf(S) 0. 

Choose 0 < A < dist(g, 8T)/A small enough so that e^ToVi)!) < 1 + £ 4 , where 
O is the function that appears in Proposition |3j Let A G (0, A) be such that 7 := 
min{|A|/|A|, |.B|/|A|} satisfies < 1 + £ 4 , where A and B are the connected compo¬ 

nents of Ai \ A 2 • 

Consider some / G 7A(A)- Let L D / be the maximal interval such that f rfi J T fV) C Ai 
and that is a homeomorphism of 1/ with f r5 ^(V). As Cj"(V/) fl Ai = 0, it 

follows that f rs 2 pi(y) = A, • As Ai is a nice interval and Gg 1 is the first entry map to 
Au we get that for each i G {0, • • • ,rs 2 (I)} there is a Wi G Ag(A) such that f l (V) C 
W- Thus, max{|P|, • • • , \f rs * {I) (V)\} < \V G (S 2 )\- Moreover, as Fg 2 is a first return map, 

/'(/) fl f k (I ) = 0, V0 < / < A: < rs 2 (I), and so, YPj=P 1 l/A-OI < L As a consequence, 
applying Proposition |sj we get that | ^ | < (1 + £ 4 )(1 + £ 4 ) < 1 + e 2 . □ 


Lemma 9. Let e > 0 and let g : [a, b] —» [R fee a orientation preserving diffeomorphism 
such that g has a unique fixed point which it is either a or b. Let | g\x) — 1| < e Vx. 
Let G : IJn>i Ai J be the first entry map with respect to g of [a, b] in the interval 
J := (g(a),g(b )) \ ( a,b ), where A n = g~ n (J). If3K > 0 such that G'{x)/G'{y ) < K 
Vx,y G An, Vn > 1 7 then G'{x) > ^^\- 

Proof. We may suppose that g{a) = a, the other case being analogous. In such a case, 
J = (6,c) with c = g{b) > b. Writing a n := g~ n (c), we get A n = (a n+ i,a n ) (see Figure[2]). 
It follows from the mean value theorem that 1+ ^— = an ~ a < l+£. Thus, IAJ/I&—a| < 

J^t< e .Vn>l. As g n (A n ) = (b, c), we get G'(x) = ( g n )\x ) > 1 Vx G A n , 

Vn > 1. □ 

In Proposition 10 below let / : [0,1] \ Cf —> [0,1] be a C 2 non-flat local diffeomorphism, 
where Cf C [0,1] is a finite set. Let T be a connected component of [0,1] \ Of( V /) and 
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Figure 2. 

J C T be a nice interval such that |i?|/|J|,|L|/|J| > 1, where R and L are the connected 
components of T \ J. Let F : J* —» J be the first return map to J, where J* = {x £ 
J ; 0+(f(x)) n J ^ 0} and W( J) = {* G [0,1] \ (B 0 (/) U 0j(Per(/))) ; ^(z) n J ^ 0}. 

Proposition 10. Let K = 5exp(0(l)) > l, where 0(e) is given by Proposition [3[ Suppose 
that there exists 0 < e < (6K)~ X such that | \ < 1 + e 2 for every x,y £ I and every 

connected component I of J*. 

(1) If x £ U(J) does not belong to the pre-image of a non-hyperbolic periodic point then 
lim^oc \DF n (x)\ = oo. 

(2) ujf(x) is a cycle of intervals containing x, for Lebesgue almost every x £ U(J). 

Proof. Firstly we will assume only that \F'(x)/F'(y)\ < 1 + e 2 for every x,y £ I and every 
connected component / of J*. As JDO^ (V/) = 0, F(I) = J for every connected component 
/ of J*. It follows that if \F'(x)\ > 1 + e 2 , Va: £ J *, then lim |(F n )'(x)| = lim(l + e 2 ) n = oo, 
for every x £ U(J ) = n^=o(-^)("0- Thus, we may assume that \F'(p)\ < 1 + e 2 for some 
p £ J*. 

Let be the connected components of J* containing p and I p = (F|/o) _1 (/°). From 
the distortion control and as e < 1/6, F'(x) and (F 2 )'(x) < (1 + £ 2 ) 3 < 1 + e for every 
x £ Ip. In particular, we get that < s and also that F 2 \j p preserves orientation. 

Let a = inf(Fix(F 2 ) fl I p ) and b = sup(Fix(F 2 ) fl I p ). Notice that (a, b ) C Bo(/) U Per(/), 
see Figure |3j Let Iq = (a o, bo) and I\ = (oi, b\ ) be the connected components of J \ I p and 
let Jo = (bo, a) and J\ = (b, ai) be the connected components of I v \ (a, b ). 

Also let go : [bo, a] —> [R be the first entry map of [6o,o] = Jo to [ao,a] = Jo U Jo- 
Analogously, let gi : J\ — >■ [R be the first entry map of J\ to I\ U J\ . Notice that = F\ l lJJ 
if F l/o preserves orientation. Otherwise, we take g.j = (F\ j-^jjj ) 2 . In particular, | (gj)' — 1| < 
e. Let Gj : J* -A- J, be the first entry map with respect to / of Jj into Ij, where J* = 
{x £ Jj ; (x) fl Ij 7 ^ 0}- As Gj is a first entry map, with respect to /, of Jj to J, C J C 

T C [0,1] \ G^(Vf), it follows from Proposition |3 that \DGj(x)\/\DGj(y)\ < 4exp(0(l)), 
for every x and y in the same connected component of J*. Therefore, |DGj (x)\/\DGM\ < 
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FIGURE 3. The picture at the right is the graph of F 2 . The one at the left 


displays the essential elements discussed in the proof of Proposition 10 


4(1 + e 2 ) exp(0(l)) < K, for every x and y in the same connected component of J*. 
Applying Lemma 9, we obtain that Gj(x ) > A-rlyl for every x E J*. 

Now consider A} : I* —> Ij to be the first return map of F to Ij, where J* = {a; E 
Ij ; Op(F(x )) Dlj ± 0}. As F is the first return map to J D A U A with respect to /, we 
can write Fj = F R ^ x \x) = f r ^ x \x) with rj,Rj : I* — > N and 1 < Rj(x) < rj(x) < oo. 
Note that given x E /*, there are n > 0 and cio, • • • , a n , /A, • • • , /3 n E IM with cl,- > 1 and 
f3,j = 0 or 1 such that 


Fj(x) 


Gq° o (G f* o tff") o 


T 1 


o (Gf 1 O iA ai ) o 

Gf o (( G p 0 n o H° n ) o ■ ■ ■ o (G^ 1 o H* 1 ) o H?°(x) 


if j = 0 
if j = 1 


where H~ := FI 


ij- 


As > 


i+£ IF I 


> i+ifeh’ weget 


|DGf(x)||M“%)|> 


>3, 


e(l + e)AT 

for every x E Jj, y E Ij, j E {0,1} and £ E {0, n). As a consequence, 

\DFj(x)\ >3, Vx E I*. 

In particular, lim, woo \D(Fj(x)) n \ = oo Mx E fl^oMoreover, as 

/ OO \ / OO 

M(J)\( 0 ;(a)u 07 ( 6 )) = ( p|(Jf 0 )-'(/_)) u ( p|Ui)“'(A) 


£=0 


£=0 


(4) 


either lim |(F n )'(x)| = lim \{FF)'{x)\ = oo for some i E {0,1}, or x E Oj(u) with u E {a, b} 
being a non-hyperbolic periodic point. This concludes the proof of the first item of the 
proposition. 

Now, we shall prove item (2) of the lemma. For that, suppose that Leb(A(J)) > 0. If 
|A'| > 1 + £ 2 then set T := F. Otherwise, Leb(A(J) D A) > 0 or Leb(A(J) fl A) > 0, and 
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in this case, consider any t E {0,1} such that Leb (U(J) Pi Ig) > 0 and set T := Tg. So, let 

' (T = F ,1={ J ' (T = F and r = P 

= (It if T = T t [/; H7 = 7t 

Observe that 

\DF{x)\ > 1 + e 2 Vx £ X*. (5) 

As dig 0 J* = 0 and J is a nice interval, it follows that X is also a nice interval. Thus, 
J 7 is a full induced Markov map, i.e., F(U) = X for every connected component U of X* 
Set V n as the collection of all connected component of T~ n (X*). If x G J-~ n (X*), let 
V n (x) be the element of V n containing x. So, we always have F n+X (V n (,x))=X 

Because F is the hrst return map of / to J and that either F is F or it is the return map 

of F to It, it follows that T itself is the first return map of / to X C J C T C [0,1] \O~ji (V/). 

Thus, from Proposition [3j we obtain that 

\(f j )'(x)/(n\y)\<K 0 (6) 

for every x,y & I, I &V o and 1 < j < M(I), where K 0 = (y^-) 2 exp(0(l)). Furthermore, 

| F\x)/F\y) | < e 70 (7) 


for every x,y G / and I G Vo, where 70 = 0(1) + 2/|J|. 

As a consequence of the bounded distortion we have the following Claim. 

Claim. J2f=i Leb(/J(V)) < ^ Leb(J'(P)) for every Borel set V C I and I G V 0 . 


Indeed, it follows from @ that 

Leb(/>(V)) Leb(7-(r)) Leb(.T(r)) 

Leb(/J(/)) - °Leb(JF(/)) 0 |I| 

for every 1 < j < &(I). Thus, 


£Leb(/*(K)) 

3 = 1 


E 


3 = 1 


Leb (fi(V)) 
Leb(/*(/)) 


Leb (f j (I)) < 


mi) K K ® (I) K 

< E Leb(J r (C)) Leb(/'(I)) = ^ Leb(.F(V)) £ Leb(/*(I)) < ^ Leb(^(V)). 

From the Claim above and 0 , it follows that 

\F\x)/F\y)\ < e 7 !^)-^)!, 


for every x,y G I and I & Vo, where 7 = A 0 7o/|X|. Therefore, using the expansion Q, we 
get 


(F n y(x) 


< e 7E”7 0 1 |^P)-^(y)| < e 7E"=o l^”(*)-^ n (»)l/(l+e 2 P < r, 


( 8 ) 


for every x,y G V n (q) and q G P|- >0 F~^(X), where T = e 7(1+1 / £ 1 Finally, applying 
Lemma [ZJ we get that cojr(x) = X for almost all x G X. In particular, ujf(x) is a cycle of 
intervals containing x, for almost every x G U(J) C 1 X. If X = J the proof finished. The 
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Figure 4. 

proof is also concluded if X 7- J, i.e., when \Df(p)\ < 1 + e 2 for some p E J, because in 
this case U{J) fl (a, b ) = 0, that is, U(J) = U{J) fl / 0 U U(J) fl I\. □ 

5. Proofs of Theorem [d] and Corollary [e] (Mane’s Theorem) 

In this section we provide a new proof of Mane’s theorem mentioned before. To do so, we 
show the existence of induced Markov maps and use them to prove the hyperbolicity of the 
points that avoid the critical set. Notice that typically one uses some kind of hyperbolicity 
to build up Markov partitions or induced Markov maps, in quite the opposite way to what 
we are doing here. 

Remark 11. Given any piecewise C 2 local diffeomorphism f : [0,1] \Cf —¥ [0,1], where 
Cf C (0,1) is finite, we can obtain an extension f : [—1, 2] \ Cf —>■ [—1, 2] of f that is also 
a local diffeomorphism with the same exceptional set Cf and satisfying the conditions below 
(see Figure^). 

(1) /({—1,2}) C {—1,2}. 

(2) If x £ (—1,0)U(1,2) then either ujj{x) C { — 1,2} or ujj{x) C [0,1]. 

In particular, f has the same non-periodic attractors and at most two more attracting 
periodic orbits which are contained in { — 1,2}. 

Lemma 12. Let p be a periodic-like point and q E [0,1] \ (E> 0 (/) U Of (Pev(f))). 

(1) If p is a left side periodic-like point then 

p E 0~f (q) n [0,p) p E ( u} f (q ) \ Per(/)) C [0,p). 

(2) If p is a right side periodic-like point then 

p E 0~f (q) n (p, 1] p E ( u} f (q ) \ Per(/)) C (p, 1], 

Proof. Let us prove the first item, the poof of the second one is analogous. As is 

immediate, we may assume that p is a left side periodic-like point and p E Ot(q) fl [0, p). 
Let I > 1 be such that f e (p-) = p_, that is, f e (x) x when x p. Thus, there exists 0 < 
a < p such that f e \[ a ,p) is a preserving orientation diffeomorphism and lim x ^ p f e \[ a , P ){x) = p. 
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Given 5 > 0, we need to show that (uJf(q) \ Per(/)) fl (p — 5,p) 0. Notice that if 
f f (p r ) = p' for some // G [a.p), then f e \\p\ p ) can be extended to a diffeomorphism F of 
[p',p] into itself with F(p') = p' and F{p) = p. Thus, [p',p] C B 0 (F) U Op(Per(F)) C 
B 0 (/) U Of (Per(/)). As Of(q) D ^ 0, we get a contradiction. 

So, as f e \[ a ,p) preserves orientation, either f e (x) < x Vi G [a,p) or f e (x) > x Mx G 
[p — r, p). As f e (x) > x Vx G [a,p) implies that p_ is a periodic-like attractor, we get that 
f e (x) < x Vx G [a,p). 

Given any <5 G (0,p — a), write p$ = p — 5 and = (/^|[ a , 9 )) _1 (lb)- Consider a sequence 
rij —» oo such that (ps,p) B Qj := f nj (q ) /A p. Note that, for each j > 1 there exists a 
unique integer kj > 0 such that f kji (qj ) G b<5,Ps] an d f l£ (qj) G [p5,p) for every 0 < i < kj. 
As a consequence, fl [a, a']) = oo. Thus, there is some (75 G [p^,p^] fl w/^). If 

qs ^ Per(/) the proof is complete. 

So, we may suppose that qs G Per(/) and let s be the period of qs with respect to 
f ■ For each i > s, let q S:i = (f%, P ))~ l (qs)- As q 5)i = lim^oo f ikj ~ i)e {qj), we get that 
Qs,i G (p — S,p) fl ojf(q) Vi > s. On the other hand, as f te (qs,i ) = qs and f ne (qs,i ) 7^ qs,i for 
every 0 < n < i with i > s, we get that qsj is a pre-periodic (but not periodic) point of 
uj f (p) , which concludes the proof. 

□ 


Corollary 13. Let Cf C (0, 1) be a finite set and f : [0, 1] \ Cf —>■ [0, 1] a local homeomor- 
phism. If p G [0,1] \ B 0 (/) U Oj(Per(f)) then Uf(p) <f. Per(/). 


Proof of Theorem^ Let p G [0,1] \ (B 0 (/) U Oj (Per(/))) such that Oj(p) fl C/ = 0. 
Extending / if necessary, as in Remark [lTl we may assume that /({0,1}) C {0,1} and 


that 0~f(p) fl {0,1} = 0. Let U be an open neighborhood of Cf such that Olf (p) fl G = 0. 
Let g : [0,1]\C S —» [0,1] be a C 2 non-flat local diffeomorphism such that p|[o,i]\t/ = /|[o,i]\t/> 
C g = Cf and V g = {g(c±) ; c G C g } C {0,1} (see Fig ure [t|). 

As Of(Vg) C {0,1}, we have Of{p) O Of(V g ) = C?+(p) O {0,1} = 0. By Corollary 
consider q G w g (p) \ Per(p). Therefore, it follows from Proposition 10 that 


13 


sup \ Df n (p)\ = sup \Dg n (p)\ = lim \DG n (p)\ = 00, 

n n Fl 


where G is the first return time to a small nice interval J = (a, (J) 3 q given by Lemma |8j 
This proves the first statement of Theorem |D} 

To prove the second statement, let A be the set of all x G [0,1] \ (B 0 (/) U Of (Per(/))) 
such that u>f(x) fl C/ = 0. Suppose that Leb(A) > 0. As f* Leb <C Leb, Leb(A) = 
Leb(A \ Oj(Vf)). So, 31 >1 such that Leb(A^) > 0, where 


At = {x G A \ Oj(C f ); 0+(x) D B 1/e (C f ) = 0}. 

Given any s > 0 and p G A^, it follows from Corollary [l3j Lemma [8] and Proposition [T0| 
that there exist a point q p G uJf(p) \ Per(/) and a nice interval J p containing q p such 
that 0 Jf{x) is a cycle of intervals for almost every x G Zd(./,,), where U(J P ) := {x G 
[0,1] \ (B 0 (/) U Of(Per(f))) ; u f (x) D J p ^ 0}. 
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Figure 5. 


Consider now any sequence p n G Ag such that 

U J v = U J »- 

p(zAi n> 1 


and let W n = {x G An ; c Of(x) fl J Pn A 0}. As A i = (J n>1 W n , let m > 1 be such that 
Leb(HA) > 0. As U ( J Pm ) D W rn , it follows that there is a positive set of points a: of A 
such that cjf(x) is a cycle of intervals. This is a contradiction to the well known fact that 
every cycle of intervals contains a point of Cf. Indeed, suppose that / is an interval of a 
cycle of interval and that / J (/) fl Cf = 0 Vn > 1. Thus, / is a homterval that is not a 
wandering one. So, as a consequence of the Homterval Lemma, / C E> 0 (/) U Of (Pev(f)), 
which is a contradiction. □ 

Proof of Corollary [£| Let A = (Jn>o / n ([0, 1 ] \ ^0- By hypothesis, if x G A fl Of (Per(/)) 
then sup n |D/ n (a:)| = oo. On the other hand, if x <S A\Per(/), it follows from Theorem [D| 
that sup n \Df n (x)\ = oo. By compactness, there is £ > 1 such that \Df e (x)\ > 2 for every 
x £ A. This means that A is uniformly expanding set, as stated in the Corollary. 

Let K = [0,1] \ U. We claim that, for each s > 0 such that B s { A) C K, 3n 0 with 
nhnO > 1; f-'(x) G U} < n 0 for all x G B e ( A), where B e { A) = lJ pgA 5 £ (p). Otherwise, 
there is a sequence of points x n E K \ B e { A) and a sequence of integers 0 < j n /*■ oo such 
that f l {x n ) G A' for every 0 < i < j n . Thus, taking a subsequence, we may assume that 
x n converges to a point p G K \ B £ { A). But this implies that f l (p ) £ K, \/i > 0, which is 
not possible since p ^ A = P| J>0 f j (K). 

Let Co = min{|D/(x)|; x G K} > 0. As Df is continuous on K, and as A is uni¬ 
formly expanding and invariant, there are C\ > 0, A > 1 and e > 0 so that B e { A) C K 
and \Df n (x)\ > C\\ n whenever P(x) G B e ( A) V0 < j < n. Therefore, for every 
X G nr=o f~K K ), we s et \Df n (x )I > CQ°\Df n ~ n °(x)\ > CA n , where C = C 1 f°C l /A n °. 

□ 
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6. Finiteness of non-periodic attractors: proofs of Theorems [X] and O 

Given a map / of the interval [0,1], let E>i (/) be the set of all points x such that Wf(x) 
is a cycle of intervals. 

Lemma 14. If f : [0, 1]\C/ —» [0, 1] is a C 2 non-flat local diffeomorphism, where Cf C [0, 1] 
is a finite set, then 

LUf(x) C Of(V f ), 

for almost every x E [0,1] \ (B 0 (/) U Bi(/) U Of (Per(/))). 

Proof. Suppose that there is a connected component T of [0,1] \ Of (V/) such that A = 
{x E [0,1] \ (B 0 (/) U Of (Per(/))); ojf(x) fl T 0} has positive Lebesgue measure. As 

[0,1] \ Of (V/) has only a countable number of connected components, we have only to 
show that Leb(A \ Bi(/)) = 0. 

From now on, the remaining part of the proof is similar to the proof of the second 
statement of Theorem |D| Indeed, given any z > 0 and p E A, it follows from Corollary [T3[ 
Lemma[8]and Proposition [To] that there exist a point q p E ujf(p)\Per(f) and a nice interval 
J p containing q p such that ojf(x) is a cycle of intervals for almost every x E U(J P ), where 
U(J P ) := }x E [0,1] \ (B 0 (/) U Of (Per(f))} ; oof(x) fl J p f 0}. As [R is a Lindelbf space, 
write 

U = U 

pGA n >1 

where p n E Ag. As A = U n>1 W n , with W n = { x E A; uJf(x) fl J Pn f 0}, we can conclude 
that almost every point of A belongs to Bi(/). 

□ 


Theorem 1. If f : [0,1]\C/ -A- [0,1] is a C 2 non-flat local diffeomorphism, where Cf C [0,1] 
is a finite set, then 

Wf(x)= |J Of(c ± ), 

c± e ojf(x) 
c eCf 

for almost every x E [0,1] \ (B 0 (/) U Bi(/) U Of (Per(/))). 


Proof. By Remark 11, we may assume that / 1 ({0,1}) = {0,1} and that (U/(x)n{0,1} = 0 


for every x E (0,1). 

For any q E {c± ; c E Cf} and U C {c± ; c E Cf}, let 


X(g) = {x E [0,1] \ (B 0 (/) U Bi(/)) ; q f u f (x)}, 


A (U) = {xE [0,1] \ (B 0 (/) U B,(/)); U C u f (x)} 

and 

U(U) = {xE [0,1] \ (B 0 (/) U B,(/)) ; u f (x) C Of(U)}. 


Claim. If q E U C {c ±; c E Cf} then 0Jf{x ) C Of{U\{q}), for almost every x E 
U{U)n*{q). 
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Figure 6. 


Proof of the Claim. If g £ <v/(p) for some p £ U \ {g}, then C7/(g) C 0^(p) and so, 
0~ji(U) C O^iU \ {g}), which proves the Claim. Thus, we may assume that q ^ w/(p) and 

Oj (g) (jL Of (p) Vp eM \ {g}. Let us consider the case when g = c_ for some c £ Cf. The 
other case, when g = c+, is similar. 

Now, consider n 0 > 1 big enough so that (c — 2/no, c) fl C/ = 0 and O^fU \ {c_}) = 0. 
Let X n = {a; £ £/(W); C7/(a:)n(c—1/n, c) 0}. For each n > n 0 , let g n : [0, l]\C a „ -A [0,1] 
be a C 2 non-flat local diffeomorphism such that sVi|[o,i]\(c-i/n,c) = /|[o,i]\(c-i/n,c), Cm = C/ 
and g n (c~) £ {0,1} (see Figure [6]). 

As uJf(x) C (0,1) for every a: £ (0,1) and g n |x n = /|x n , we conclude that for every 
n > n o and every x £ X n we have that 


w /(z) = c ([°.!] \ ( c ->c!» n c+(w) = 

= ([o. i] \ {c_,o, i}) n (o+Ju \ {C_}) uo+JZj) = 

= ([o, l] \ {c_, o, i}) n (oftp\ {c_}) u {c_,0,1}) =0+(W\{c_})- 

As X(c_) = U n >n 0 the Claim is proved. 


Given U C {c±; c £ Cf}, it follows from Lemma 14 that 


Of(U) C Vf(x) C 0+(V f ) C 0+(C f ), 


for almost every point a: £ h(U). Applying recursively the Claim above, we get that 


□ 


Of(U) C u f (x) C O+fU), 

for almost every point x £ A (U), concluding the proof. 


□ 


Proof of Theorem [A} As we can have at most 2 2 # c f — 1 non-empty subsets of { c± ; c £ Cf}, 
Theorem [A] is an immediate consequence of Theorem [l] and of the fact that a map with a 
finite number of exceptional points has only a finite numbers of cycles of intervals. □ 
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Proof of Theorem [C|. Consider U C {c± ; c G Cf} such that Leb (U) > 0, where U = \x E 
[0,1] \ (B 0 (/) U E>i(/)) ; cd/(x) = 0~f(U)}. Extending / if necessary, as in Remark llj we 

may assume that /({0,1}) C {0,1} and that 0~ji(x) fl {0,1} = 0 Vi G U. Given a and 
/3 EU, we say that a -< /3 if a G a>f(/3) and f3 f cn/(a;). A point a. Ell is called U-maximal 
if $/3 E U \ {«} such that a /3. 

Claim 1. /f a Gh is U-maximal then is not a periodic-like point. 

Proof of the Claim. Suppose that a EU is a periodic-like point. Suppose that a = c_ for 
some c G C/, the proof for a = c + is similar. Given x E U, it follows from Lemma 12 that 
c G (^/(x) fl [0, c). As n>/(x) = 0~j(U) and U is finite, there is f3 EU such that 


c G Of(/3) G [0, c). 


( 9 ) 


As 0~}l(a) = O^(a), it follows from (9) that a = c_ G u)f(/3) and also that ojf(/3) Uf(a). 
In particular, a E ojf(/3) but f3 f u;/(ci). That is, a is not W-maximal. □ 

Claim 2. If a EU is U-maximal then a is recurrent. 


Proof of the Claim. Suppose by contradiction that there exists a W-maximal a E U such 
that a Note that, in this case, a f O^(ffU)) = IJ/iezr ®f(fi). 

Given s > 0 and c G Cf, let / £ (c_) = (c — e,c ) and I e (c + ) = (c, c + e). Let B n = 

U pe(Cf)±\u h/niP), for any n > 1, U n = {x E U ; (A^O) = 0}. As G = \J n U n , choose 

I > 1 so that Leb(?A) > 0. 

Let g : [0,1] \ C/ —>- [0,1] be any C 2 non-flat local diffeomorphism such that g(x) = f{x) 

for every x E ([0,1] \ Cf) \ B( and that g(/3) E {0,1} for every f3 E ( Cf)± \ U. 

As in the Claim before, let us suppose that a = c_ for some c E Cf, the proof for a = c + 

is similar. Notice that c f 0+(g((C f ) ± )) = U aec f °£( c ±)’ as C7+(^(W)) = Of{f{U)) and 
that {0,1}. 

Thus, we can apply Lemma [8] and Proposition [3] to conclude that oj g (x) is a cycle of 
intervals for almost every x E Up. This is a contradiction, as ujf(x) = 0J o (x) for every 
xeU t and U t fl Bi(/) = 0. 

□ 


As U is a finite set, given any a EU then either a is ZY-maximal or there is a G-inaximal 
a' EU such that a -< a'. Thus, there is a subset {cti, • • • , a n } C U of W-maximal points 
such that U”,i Opa,) = U aell O~f (a). As each a : j is recurrent (Claim [ij), we get that 
Oj(aj) = uif(f(aj)) 3 ocj VI < j < n. Furthermore, it follows from Claim [i] that Vj := 
f(oij) f Oj(Cf ) is recurrent and not periodic. Thus, as f\o+( Vj ) continuous, Vj f Per(/) 

and v.j E Uf(vj), we get that u)f{vf) is a perfect set. Of course that Interior (u>f(vj)) = 0, as 
cu/(x) D cof(vj) V x G U and U fl Bi(/) = 0. So, u)f{vj ) is a Cantor set for every 1 < j < n. 
As a consequence, also Uf(v i) U • • • U uJf(v n ) is a Cantor set, which concludes the proof. 

□ 
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